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Abstract-—The recursive least-squares algorithm was adopted to investigate the estimation of surface heat
flux of inverse heat conduction problem from experimental data. The Kalman filtering technique which
accounted for the residual innovation sequence and the least-squares estimation which accounted for
computing heat flux was introduced to treat one-dimensional inverse heat conduction problem. By virtue
of recursive algorithm, an on-line estimation can be made in place of batch form off-line estimation. The
method is adequate for impulse heat flux estimation. © 1997 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

The inverse heat conduction problem (IHCP),
opposite to direct heat conduction problem (DHCP),
deals with determining unknown conditions, material
properties, and energy generation with the measure-
ment of surface temperature. The analytical and
numerical techniques proposed for solving such prob-
lems include, arnong many others, the analytic solu-
tion developed by using integral or Laplace transform
technique [1-5], the numerical methods which include
the sequential estimation technique [6-9], the least-
squares method modified by the addition of reg-
ularization term [6], and the conjugate gradient
method with adjoint equation [10-14]. They are
almost belonging to so called batch or global form
estimation methods because they utilize all measure-
ment records to estimate the unknown components.

In some situations, it is necessary to estimate the
history of unknown properties in real time, for exam-
ple, to monitor the status of nuclear reaction by
inverse method in order to avoid any accident.
Because of the importance of real time estimation in
engineering applications, the recursive input esti-
mation algorithm of digital estimation theory is pro-
posed [15-18]; it is based on the concept of Kalman
filtering technique and the least-squares estimation
of recursive processing. The Kalman filter is used to
generate the residual innovation sequence and the
least-squares algorithm is used for computing the
magnitude of heat flux. The philosophy of this algo-
rithm is similar to the IHCP, in which the state of
system modeling is temperature and the input par-
ameter to be estimated is heat flux. Tuan ez al. [19]
successfully solves the two-dimensional inverse heat
conduction problem by using a recursive input esti-
mator to estimate a time varying sudden change heat
flux.

In this study, an experimental apparatus is facili-
tated to measure temperature. With these exper-
imental data, an inverse analysis utilizing the recursive
input estimation algorithm is used to estimate the
unknown heat flux simultaneously. By means of
the estimated heat flux, the DHCP is used to solve
the temperature profile with time in copper plate. A
comparison is made with the measured temperature
and the estimated temperature at a point in order to
investigate real time recursive estimation algorithm.

2. THEORY

The IHCP involves the estimation of boundary con-
ditions and thermal properties provided that certain
transient temperature measurements are known. In
this paper, our objective is, by utilizing the measured
temperature data, to estimate the unknown surface
heat flux G(r), with recursive input estimation algo-
rithm. Therefore, the first step is to transform the
governing equation into the state equation. Because
of the need of estimation in real time, the second step
is to use the recursive least-squares algorithm (RLSA)
method to get the estimation of acting heat flux.

In this paper, a one-dimensional heat conduction
model through copper plate is assumed with thermal
insulated at x = x, and all surfaces except at x =0
surface, a uniform heat flux G(¢) is acting. The
geometry and coordinates is shown in Fig. 1. The
dimensional energy equation is written as

oT 0T

E——cxﬁ >0 (1)

0<x<x,,

the associated boundary conditions are taken as

aT(0, ¢)
ox

—K = G(f) = ?(to be estimated) >0 (2)
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NOMENCLATURE
H measurement matrix defined by r input matrix defined by equation (8)
equation (9) é Dirac-delta function
K Kalman gain K thermal conductivity [cal cm~'°C ~!
N the numbers of data points s
P filter’s error covariance matrix v(f)  the measured noise assumed zero mean

Py error covariance matrix

0 process noise covariance
G(1) heat flux to be estimated [cal cm ™2 s7]
R measurement noise covariance (=o?)

T(x,t) computed temperature [°C]

and white Gaussian noise

o standard deviation

@ the state transition matrix defined by
equation (8)

b 4 coefficient matrix defined by equation
Q

T, initial temperature [°C] @)
At sampling interval [s] coefficient matrix defined by equation
x dimensional axial coordinate [cm] .
X state vector defined by equation (8)
Y(t) the measured temperature corrupted .
. e Superscripts
by noise [°C] - .
. . estimated
Z observation vector defined by equation _ .
©) estimated by filter
’ T transpose of matrix.
Greek alphabet
o thermal diffusivity [cm?® s™] Subscripts
y fading factor k the discretized time step.
0T(x,, 1) 0 0 3 In cooperation with boundary conditions, equations
ox ‘> G) (2)—(3), we get the continuous-time state equation as
L . follows
and the initial condition as
T(x,00=T, 0<x<x, @) T(1) = ¥T(1) +QG(9) @]
with measurements where
YO =T(x,)+v() t>0 %) .
here « is the thermal diffusivity, x is the thermal con- TO =[O T.@O ... T,.0)]
ductivity, T, is the initial temperature, G() is the heat r—2 2 O
flux to be estimated, Y(¢) is the measured temperature
corrupted by noise, and v(?) is the measurement noise 1 1
assumed zero mean and white Gaussian noise. Before o
we transform the governing equations (1-4) to dis- = Ax?
crete-time state equations, the continuous-time state
equation is derived first. The central difference 2 1
approximation for the spaces derivative is used. 0 L)
, T, (0)=2T,()+T,_, (¢
1) = 5 Tt O =2ROLTio1 ) ” ]
Ax Q:[To 00 .. o}
i=0,1,2,...,n—~1. (6) kax
and the system process model is
Copper plate
_ Mixe ) _ 4 X1 = OX, +I'Gy (®)
= \ o where
aT(0, 1) \
. =Gt .
‘ & ( ) -I: X X/( = [TO,k Tl,k LRI Tn-—l.k]T
- / Sensor
& location ® = ¥
x=0 X = Xg

Fig. 1. Geometry and coordinates.
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1-D inverse heat conduction estimation

here X, is the state vector, @ is the state transition
matrix, I is input matrix, G, is the sequence of deter-
ministic input and £ is the discretized time step index.
The measurement equation is

Ly =HX, +Viyy )]
where
H=[{ 0 0 ,..., 1]

here v, , ; is the measurement noise, random sequences
with zero mean. H is the measurement matrix, Z, is
the observation vector at time &, and v, is the measure-
ment noise vector which is assumed to be zeros mean
white noise with variance E{v,v]} = Rd, R is the
measurement ncise covariance and d is the Dirac delta
function. Following the general notation of the Kal-
man filter equations [20], when a heat flux occurs, the
posterior estimation of X, is

X =I-KHX, ., +K.Z, 10
X1 = 9K, _ 11 +TG,_, an

K; = Poy H + (HP,,_ H +62)~' (12
Py = PP, ®T+TQI” (13)
Py =A-KH)P,,_,. 14)

Let f(k/k and X, differently denote the estimation of
the true state X, with or without G,._ ;. From equations
(10)—(11), we get

Xk/k = (I_Kk]H)(‘Dk—IXk—l/k—l +IGi_ )+ K, Z,
(15)
and
Xk/k = (I'—KkH)(Dk—l)’Zk—l/k—l +K.Z,. (16}

For simplicity, consider G, = G in equation (8) to be

a constant over the certain interval, for
k=nn+1,...,n+/, as below
0, k<n
G, = %))
G, n<k<n+!

where n represents heat flux starting time which is
unknown. This assumption is reasonable if /AT is
small compared with the presence of entire period of
the heat flux AAT, ie. [AT <J1AT. Let
AX, = X, —X, . and G,_, = Ofor k < n. Subtracting
equation (16) from equation (15), yields

X {0, k<n
T lA-KH)(®,_, AX, +TG), k>n
(18)
Let AX, = M,I'G [17], then
0, k<n
M, = { (19)
I-KH)(®_ M, +]D), k>n
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and

k<n

—~ X ’
R = {_*’k (20)

X +MIG, k>n

where M, is recursively computed from equation (19).

Because we are interested in estimating the input
of the heat flux magnitude, the analysis require the
introduction of the “residual” or ‘“innovation”
sequence. The observed value of the residual sequence
Z, with unknown heat flux G can be related to the
innovation residual sequence Z, in the following man-
ner (i.e. if G were known).

Zk = Zk—Hik/k—l = Zk—H(DXk—l/k—l 2

and

Zk = Zk_HXk/kAl = Zk_H(DXk—l/k—l _Her—l
(22

By subtracting equation (22) from equation (21)
and using equation (20), yields

- Zk, k<n
7, =1 (23)
Z,+B,G, k>n
where
B, = HOM,_,+DI'
then the equation (23) can be written as
Yy =ByG+ey (24)
with
YN = [Zn+l Z_n+2 s s Z_n+1]T
Ey = [Zn+l Zn+2 E] > Zn+1]
and
HI

H(®M,, , + DI

H(@®M, ., ,+DI

The covariance of the innovation residual sequence Z
in the equation (22) is

E{Z,2}} =HP,,_ H"+R2 S, 25
and it is a positive definite matrix.

The covariance of gy, by using equation (25), is
given by
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(Sn-#l 0 O 1
0 S 0
Iy= (26)
0 SrH—/—l 0
-0 0 S,

By taking 5 ' as weighting matrix and according
to generalized least squares estimation [20], the esti-
mation heat flux G, can be written as

Gy = (BYZ7'B,) 'BIZF'Y,. @7

Since the elements of ¢y are independent and zero
mean random variables with covariance I, the least-
squares estimation is unbiased. By substituting equa-
tion (24) into equation (27), yields

E{Gy} =(BYZy'By) 'BLLy ' E{ByG+ey) = G.
(28)
The covariance of estimation error is

Py = E{(G— Gy(G— éN)T} =(BVZ;'By) !
where

29

G—Gy=— (BXEx 'By) " 'BREy 'en.

The weighted least-squares calculation for Gy, givenin
equation (27), is referred to as a “‘batch” calculation.
Since the temperature data are acquired sequentially
rather than in a batch (i.e. the algorithm must be
applied to a situation where the parameters to be
estimated are time varying such as a sudden changing
in G), equation (27) can be put into a better form for
sequential processing of the type described above. One
data point is taken for each time step, say N, into
equation (27) to calculate G and then the conse-
quences of taking the next observation, say N+1, is
calculated and so on. The weighting matrix X5 ' can
be modified as

[Soy™! 0
0 St 0

O]

0 Syt 0

L0

0 ol
(30$)
To begin, we consider equation (23), the additional

of the residual sequence Z,,,, made at time
k = n+1{+1, becomes available

ZN-H =BN+IG+ZN+1 (31)

where Z,, , is a new disturbance input and By, ; can
be recursively obtained by equation (23). By com-

C-C. Jletal.

bining equation (31) with equation (24), we obtain

Yvir =By, 1Gtene (32
where
Y,
Yy, = (33)
VA
" By 1
By, = (34
LBy ]
En
ever =| - (35)
Zys
The weighting matrix is
7Exi1: 0
Tyl = (36)
0 Sy

By following the same procedure, derived in equa-
tion (27), we obtain

Gri =B Zni By ) ' BR Bt Y. (37)

By plugging equations (33)—(34) and equation (36)
into equation (37), we yield

GN+1 =(ByEy'By+By, Shi By ) !

x (YBEES 'Y +By, Syt Zy, ). (39)
For convenience, we define the matrix P,
Py =By Zil By ]!
= [yGy' +BL, 1S5l iBysa ] (39)

Applying the matrix inversion lemma [21], we get the
result :

1 1 By, P,yB},
Py = ;PbN - ;PbNB;+1 [W

(40)

!By P
+SN+1j| N+; by

Plugging equation (40) into equation (38) and
rearranging it, we obtain

o 4 1 =
GN+I =Gy+ ;PbNB}+lS§J»lZN+l
1 B,. P.vBj -
_;PbNB;+1 <"—N+] ;N L +SN+1)

~ 1 -
xByy (GN+ '_};PbNB-]I\-/+ISITHl—lZN+1)- 41)
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Then we insert the identity
(BN+1P;NB%+] '+’SN+I>_1 (BN+1P;NB-)5+1 +SN+1)

between the By, ; and the Sy., in the second term on
the right-hand-side of equation (41). Then, we mul-
tiply Z.., to equation (41), and let N+ 1 be replaced

by &, we obtain a recursive input estimator G,
ék = G‘k~1 +Kbk(zk_Bka—1) 42)

where

and
1
Pbk = ;(I - Kkak)Pbkvl .

From the above derivation, it simply indicates that
the new estimate is expressed by the old estimate plus
a correction term. The algorithm effectively improves
the computational efficiency drastically for updating
the estimate G,. A scalar parameter y, 0 <y < 1, is
used in this algorithm. For y = 1, it is suitable only
for constant parameter system. For the time-varying
case, the factor y can be taken between 0 and 1, there-
fore, the corresponding algorithm can preserve its
updating ability continuously. In the estimation prob-
lem, the Kalman filter requires an exact knowledge of
the process noise covariance Q and the measurement
noise covariance R. Usually, the R depends on the
measurements of sensor. Both the value of Q in the
filter and the value of 7 in sequential least squares
approach will interactively affect fast adaptive capa-
bility for tracking time-varying parameter. In general,

Thermocouple

<

Measurement Unit

T

il
L=
e

N &
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if we select the large value of Q then the y could be
chosen near 1 then the filter memory becomes long,
and noise effects are reduced ; whereas for smaller v,
the memory is short and the estimation can track the
sudden changes that occur in heat flux, G, such as an
impulse boundary heat flux simulation.

3. EXPERIMENTAL APPARATUS AND
PROCEDURE

A schematic diagram of a computer-based data
acquisition system, used for the temperature measure-
ment, is shown in Fig. 2. The changing analog voltage
signal is detected by a thermocouple and a differential
amplifier with a gain of 500. The signals are taken and
recorded with the PCL-1800 data acquisition board.
The resolution of the data acquisition hardware is
approximately 0.1°C with 125 Hz sample rate.

In order to achieve an adiabatic boundary condition
at X = X,, the silastic rubber is impregnated into the
space between the ABS tube and insulator (in Fig. 3).
The copper plate is 0.5 or 1.0 mm in thickness and 8
mm diameter. A thermocouple of type K is welded to
the rear surface with M42 primer ignited at the
opposite side. This is carried out for M42 primer at a
range of distances (standoff distance) 0, 13, 26 and 30
mm, respectively.

4. RESULTS AND DISCUSSIONS

Before we implement the RLSA with experimental
data to estimate the heat flux, generated from the M42
primer, we first use RLSA method in the following
simulation for an impulse boundary heat flux to test its
adequacy. The physical model is the same as equations

Isothermal Black (PCLD-5B16B)
Isolation Amplifier (PCLM-5B40-01)

T3

DAS Card ;PCL—1800)

(A0 MUY

L

__<]r‘—

Relay
Actuator

On-Off Control
PID Control

Fig. 2. Schematic diagram of the experimental facility.
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Pin 1
I I
Percussion 2 I H [
primer Standoft Lo
| - distance
8 mm I.D. ABS
tube
C;g;::r u"\ Assembly
Silastic ™~ _________
rubber™~_ !
Thermocouple ] ] ; |
3 insulators 1 !
| A !
Thermocouple g / Voo |
wires

Fig. 3. Measurement unit.

(1)-(5) and assumes that exact boundary heat flux
G () to be estimated is described as follows

o,
0<1r<0320r044 <t <t

10 = (z—0.32)/0.04,
032<1<0.36

10 % (1 — (1—0.36)/0.08),
036 <r <044

G(f) = < 43)

-

The simulation conditions and the parameters are

12.00 —

8.00 —

HEAT FLUX
( callcm*2-sec )

»

o

o
l

o.oo—~AJ ittt

C.-Clletal

given by the following: sampling interval Az = 0.008

[s]; copper plate thickness =0.05 [cm]; space
increment AX = 0.005 [cm]; thermal diffusivity
o =0.1804 [cm®> s7'; thermal conductivity

x = 0.145696 [cal cm ™' s7'°C]; process noise covari-
ance @ =0.025; measurement noise covariance
R = 0.0625; fading factor y = 0.01.

The results of inverse solution, obtained by the
RLSA are shown in Fig. 4. The estimation is in excel-
lent agreement with the exact results. The root mean
square errors (RMS) between the exact heat flux and
the estimated heat flux is 0.2421 [cal cm~?—s~']. All
the calculations in this work are performed on a per-
sonal computer (PC-486).

To illustrate the application and the accuracy of the
RLSA method, we consider eight specific experiments
involving the estimation of the timewise variation of
the strength of a surface heat flux, located at the fore-
side of a copper plate and the transient temperature
recording taken at the opposite boundary surface.
Initially, the copper plate is at ambient temperature,
T,, the rear surface boundary is kept insulated, and
the M42 primer acting at foreside side (see Fig. 3).

For copper plate thickness = 0.5 mm, the standoff
distance is taken as 0 mm first. The experimental
measured temperature/time profile for M42 primer is
shown in Fig. 5(a). These data are analyzed on-line
to estimate the corresponding heat flux which is calcu-
lated by the RLSA, as described above. The physical
parameters in this study are taken as space increment
dx = 0.05 mm, time increment dz = 0.008 s, thermal

— :exact

: estimated

A ! 0

0.00 2.00

| ' | ' I
4.00 6.00 8.00
TIME, sec

Fig. 4. ELSA estimated of the timewise variation of the strength of a boundary heat flux, for the filter
model order N = 11 with measurement noise covariance level, R (=¢7) = 0.0625.
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Fig. 5. Copper plate thickness = 0.5 mm, standoff distance =0 mm: (a) experimental measured tem-
perature for M42 primer; (b) estimated surface heat flux by RLSA ; (c) temperature profiles at x = x, by

DHCP with estimated surface heat flux in (b), as input.
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Fig. 6. Copper plate thickness = 0.5 mm, standoff distance = 13 mm: (a) experimental measured tem-
perature for M42 primer ; (b) estimated surface heat flux by RLSA ; (¢) temperature profiles at x = x, by
DHCP with estimated surface heat flux in (b), as input.
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Fig. 7. Copper plate thickness = 0.5 mm, standofl distance = 26 mm: (a) experimental measured tem-
perature for M42 primer ; (b) estimated surface heat flux by RLSA ; (c) temperature profiles at x = x; by
DHCP with estimated surface heat flux in (b), as input.
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Fig. 8. Copper plate thickness = 0.5 mm, standoff distance = 30 mm: (a) expetimental measured tem-
perature for M42 primer; (b) estimated surface heat flux by RLSA ; (c) temperature profiles at x = x, by
DHCEP with estimated surface heat flux in (b), as input.



1-D inverse heat conduction estimation 2091

60.00 — (a)
us
o
& s
a?
g
wo 30,00 —
8
Z 4
i
0.00 —F—— | ' l ' 1
0.00 5.00 10.00 15.00
40.00 —J (b)
30.00

20.00

10.00

ESTIMATED HEAT FLUX
( callcm*2-sec )

0.00

€0.00

30.00 —

ESTIMATED TEMPERATURE
(°c)

0.00

0.00

T
5.00

10.00 15.00
TIME, sec

Fig. 9. Copper plate thickness = 1.0 mm, standoff distance = 0 mm: (a) experimental measured tem-
perature for M42 primer ; (b) estimated surface heat flux by RLSA ; (c) temperature profiles at x = x, by
DHCP with estimated surface heat flux in (b), as input.
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Fig. 10. Copper plate thickness = 1.0 mm, standoff distance = 13 mm: (a) experimental measured tem-
perature for M42 primer ; (b) estimated surface heat flux by RLSA ; (c) temperature profiles at x = x, by
DHCP with estimated surface heat flux in (b), as input.
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Fig. 11. Copper plate thickness = 1.0 mm, standoff distance = 26 mm: (a) experimental measured tem-
perature for M42 primer ; (b) estimated surface heat flux by RLSA ; (c) temperature profiles at x = x; by
DHCP with estimated surface heat flux in (b}, as input.
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Fig. 12. Copper plate thickness = 1.0 mm, standoff distance = 30 mm: (a) experimental measured tem-
perature for M42 primer ; (b) estimated surface heat flux by RLSA ; (c) temperature profiles at x = x, by
DHCP with estimated surface heat flux in (b), as input.
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Fig. 13. Maximum heat flux and least squares fitting vs standoff distance for the different thickness.

diffusivity o = 0.1804 [cm? s~'], and the thermal con-
ductivity x = 0.145696 [cal cm™']. The initial con-
ditions for the recursive input estimator are given by

01",
G_,=0, Pb_, =108

X_.i=0 0 ,..., P_,,_, =diag[10'],

and M _, is set by zero matrix.

The process noise covariance, the measurement
noise and the fading factor are taken to Q = 50,
R =0.0625 and y = 0.87, respectively, in all cases.
The resulting of IHCP, obtained by the RLSA, with
measured temperature in Fig. 5(a), is shown in Fig.
5(b). In order to facilitate the comparison and to judge
the estimated heat flux, the value of estimated heat
flux, in Fig. 5(b), is used as input, at x = 0 and DHCP
is used to solve estimated temperature history, at
x = x, which is plotted in Fig. 5(c). The history of
the estimated temperature history calculated by using
DHCP, Fig. 5(¢), is the same as that of the cor-
responding measured temperature in Fig. 5(a). There-
fore, it shows that the estimated heat flux is the heat
flux generated by the M42 primer on the foreside
copper plate surface. The RMS value is 0.15 (°C)
calculated from measured temperature and estimated
temperature.

The effects of the alternating magnitude of heat flux
on the accuracy of estimations were also tested by

changing the standoff distance from 0 to 13 mm, 26
mm and 30 mm, respectively. These three temperature
histories, in Figs. 6-8(a), show a decrease in measured
temperature with the increasing standoff distance as
expected. The results, estimated surface heat flux, are
presented in Figs. 6-8(b). It is shown that the
maximum estimated heat flux decreases as the standoff
distance increases. The RMS values between the mea-
sured temperature, in Figs. 6-8(a), and the estimated
temperature, in Figs. 6-8(c), are 0.11, 0.12, 0.13 and
0.10 (°C), respectively.

The second example is the same as that considered
inexample 1, except the copper plate thickness is taken
as 1.0 mm instead of 0.5 mm. The physical properties
and system model parameters are kept unchanged.
The measured temperature, estimated heat flux, and
estimated temperature are presented in Figs. 9-12.
The RMS values are 0.43, 0.41, 0.29 and 0.41 (°C)
with standoff distance = 0.0, 13, 26 and 30 mm,
respectively.

In Fig. 13, we show the maximum estimated heat
flux verse standoff distance for different thicknesses,
0.5 and 1.0 mm. With all these data, the least squares
fit of the equations for the different thicknesses, 0.5
and 1.0 mm, are log(G) = —6.26764 log(X) + 28.8506
(solid line) with 9.71963 residual mean square
and 19.4393 residual sum of squares, log
(G) = —4.25397log(X)+22.1436 (dotted line) with
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6.76695 residual mean square and 13.5339 residual
sum of squares, respectively.

5. CONCLUSIONS

The conclusions derived from this work can be sum-
marized as follows :

(1) A sharp impulse form of input can be estimated
very precisely by means of the RLSA.

(2) The RLSA is adequate for on-line 1-D inverse
heat conduction experimental estimation.

(3) The relation between the physical model and
the process noise covariance (Q) needs further study.
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